Abstract. In this article, we study the Gorenstein property of abelian quotient categories induced by fully rigid subcategories on an exact category B. We also study when d-cluster tilting subcategories become fully rigid. We show that the quotient abelian category induced by such d-cluster tilting subcategories are hereditary.
Introduction
Koenig and Zhu [KZ] showed that any ideal quotient of a triangulated category moduloing a cluster tilting subcategory is an abelian category and this abelian quotient category is the module category of a 1-Gorenstein algebra. It generalized a work of Keller and Reiten [KR] for 2-Calabi-Yau triangulated categories. Nakaoka [N1] introduced the notion of cotorsion pairs in triangulated categories and showed that from any cotorsion pair, one can construct an abelian category, which agrees with Koenig and Zhu's abelian quotient category when the cotorsion pair comes from a cluster tilting subcategory. Beligiannis [B] investigated cotorsion pairs arising from some subcategories called fully rigid, and extended the above result concerning the Gorenstein property.
Both triangulated and exact category are important structures for representation theory. Many results for cotorsion pairs are shown to be similar on triangulated and exact category, it is reasonable to consider the Gorenstein property for the similar structure on exact categories. We briefly review the important properties of exact category. For more details, we refer to [Bu] . Let A be an additive category, we call a pair of morphisms (i, d) a weak short exact sequence if i is the kernel of d and d is the cokernel of i. Let E be a class of weak short exact sequences of A, stable under isomorphisms, direct sums and direct summands. If a weak short exact sequence (i, d) is in E, we call it a short exact sequence and denote it by
We call i an inflation and d a deflation. The pair (A, E) (or simply A) is said to be an exact category if it satisfies the following properties: (a) Identity morphisms are inflations and deflations.
(b) The composition of two inflations (resp. deflations) is an inflation (resp. deflation).
(c) If
is a short exact sequence, for any morphisms f : Z ′ → Z and g : X → X ′ , there are commutative diagrams
where d ′ is a deflation and i ′ is an inflation, the left square being a pull-back and the right being a push-out. Throughout this article, let B be a Krull-Schmidt exact category over a field k. Any subcategory we discuss in this article will be full and closed under isomorphisms, we assume B has enough projectives and enough injectives. Let P (resp. I) be the subcategory of projective (resp. injective) objects. We denote by B/D the category whose objects are objects of B and whose morphisms are elements of Cotorsion pair plays an important role in this article, the theory for cotorsion pairs on exact categories are developed in [L, L2] and further in [LN] on a more general structure called extriangulated category. Let's recall its definition on exact category. Definition 1.1. Let U and V be two subcategories of B which are closed under direct summands. We call (U, V) a cotorsion pair if it satisfies the following conditions:
For any object B ∈ B, there exist two short exact sequence
A subcategory C is called fully rigid if P C is rigid, it admits a cotorsion pair (C, K) and B/K ≃ mod(C/P) (see Definition 2.7 and Proposition 2.8 for more details, note that cluster tilting subcategory is a special case of fully rigid subcategory). In this article we work on a cotorsion pair (C, K) where C is fully rigid and the abelian quotient B/K induced by it. If we consider a cluster tilting subcategory M on B, we can get an ideal quotient B/M ≃ mod(M/P) which is abelian [DL, Theorem 3.2] , but this quotient category may not be 1-Gorenstein anymore (see Example 3.2).
To introduce the main theorems, we need some notions. 
we can define a functor Ω : B → B/P according to the defintion above;
we can define a functor Σ : B → B/I according to the defintion above. We write an object D in the form ΩB if it admits a short exact sequence D P ։ B where P ∈ P. We write an object D ′ in the form ΣB ′ if it admits a short exact sequence
Let W and R be subcategories of B, let
we give a sufficient-necessary condition for B/K being 1-Gorenstein (see Proposition 2.8, Lemma 2.10, Proposition 3.1, Theorem 3.3 and Corollary 3.4 for more details).
be cotorsion pairs where C is fully rigid, then any object X ∈ B K admits the following short exact sequences: 
Cluster tiling subcategories are fully rigid, but this is not always true for d-cluster tilting subcategories N when d ≥ 3 (see Example 4.1). By definition a d-cluster tilting subcategory C is rigid and admits a cotorsion pair (C, K).
In section 4 we prove the following theorem.
In the last section we investigate the global dimension of B/K.
preliminary
In this section we first show some lemmas which will be used in the later sections. Then we give the definition of fully rigid subcategory and show a useful property of it.
Lemma 2.1. Let X be an indecomposable object.
B (X, P ) = 0, we get the following commutative diagram:
This implies X 1 is a direct summand of P ⊕ X. If X 1 is a direct summand of P , then the first row splits and Y 1 ∈ P, a contradiction. Hence X is a direct summand of X 1 . Let X 1 = X ⊕ X ′ , we have the following commutative diagram
Since p is right minimal, we get ab is an isomorphism. Then αβ is also an isomorphism, which implies ΩX = Y 1 is indecomposable.
Lemma 2.2. Let X be a subcategory which is closed under direct summands. Let X ∈ X , it admits a short exact sequence ΩX G G
− −−−− → P . Morphism q 1 admits a short exact sequence
B (X , P) = 0, we get the following commutative diagram:
Then X 1 is a direct summand of X ⊕ P ∈ X . Since X is closed under direct summands, we have
According to the definition of cotorsion pair, we get the following useful remark.
Definition 2.4. Let H be the subcategory consisting of objects B ∈ B which admits two short exact sequence
is called the heart of (U, V).
The name "heart" of cotorsion pair comes from "heart of t-structure", since on triangulated category, cotorsion pair is a generalization of t-structure (see [N1] ).
We have the following theorem.
Theorem 2.5. [L, LN] The heart of a cotorsion pair (U, V) is abelian.
Let (C, K) be a cotorsion pair where C is rigid, then H = CoCone(C, C), H ∩ K = C and H/C is the heart of (C, K). Let H be the half-exact functor defined in [L2] , it is an additive functor and has the following properties (see [L2, Section 3, Section 4] for details):
• H(f ) = 0 if and only if f factors through K. By the same method as in Lemma 2.2, we get the following lemma, the proof is left to the readers. Lemma 2.6. Let (C, K) be a cotorsion pair where C is rigid, then H = CoCone(C, C) is closed under direct summands.
Now we introduce the following concept:
Definition 2.7. A rigid subcategory C is called fully rigid if
• it admits a cotorsion pair (C, K), C P = 0.
• any indecomposable object in B either belongs to K or belongs to H.
A cotorsion pair (C, K) is called fully rigid if C is fully rigid.
we denote by g the image of g under the natural quotient functor B → B. We have the following result.
Proof. (a) Since H(K) = 0, we have the following commutative diagram:
we show H is an equivalence. By the property of the half-exact functor H, H is dense. H(f ) = 0 if and only if f factors through K, hence H is faithful. By the definition of fully rigid, for any indecomposable object A / ∈ K, H(A) = A in H/C, hence H is full. Thus H is an equivalence. Since H is half-exact, the functor π : B → B is also half-exact. The equivalence B ≃ mod ΩC is give by [LZ, Theorem 1.2] . The equivalence H/C ≃ mod C is given by [DL, Theorem 3 .2]. Hence we have B ≃ H/C ≃ mod ΩC ≃ mod C. (b) Note that a morphism f in ΩC factors through K if and only if it factors through P. Since B ≃ H/C and ΩC is the enough projectives in H/C by [LN, Theorem 4 .10], we get subcategory ΩC is the enough projectives of B.
According to this proposition, the definition of fully rigid in this article is an analog of [B, Definition 5 .1].
Lemma 2.10. Let (C, K), (K, D) be cotorsion pairs where C is fully rigid, then any object
we get D is rigid and the heart of (K, D) is Cone(D, D)/D. Let X ∈ H K be an indecomposable obejct, it admits the following commutative diagram
, by applying H = π to this diagram, we get an isomorphism X x − → Y . Then x is a section and X is a direct summand of Y , by the dual of Lemma 2.6, X ∈ Cone(D, D).
Gorenstein property
In this section, let (C, K) be fully rigid. We also assume K admits another cotorsion pair (K, D).
Proposition 3.1. Subcategory (ΣD)/I is the enough injectives in B.
Proof. This is an analog of the results in [LN, Proposition 4.9, Theorem 4.10] .
One typical kind of example of fully rigid subcategories is cluster tilting subcategories (please check the related results in [L, Proposition 10.5] ). According to [KZ] , mod M is 1-Gorenstein if M is a cluster tilting subcategory on a triangulated category. In [B] , a generalized result was shown for fully rigid subcategories on triangulated category (see [B, Theorem 5.2] ). Unfortunately, such results are not always true on exact categories, even for cluster tilting subcategories. Here is an example.
Example 3.2. Let Λ be the k-algebra given by the quiver
with mesh relations. The AR-quiver of B := mod Λ is given by
We denote by "•" in the AR-quiver the indecomposable objects belong to a subcategory. Let
M is a cluster tilting subcategory of B. Then B/M ≃ mod ΩM and its quiver is the following:
It is not 1-Gorenstein any more, the non-projective injective object 2 have projective dimension 3.
We denote by pd B (X) the projective dimension of X in B and by pd B (X) (resp. id B (X)) the projective (resp. injective) dimension of X in B, we prove the following theorem which will give an "if and only if" condition for B being 1-Gorenstein. 
if and only if for the short exact sequence
morphism Σy = 0.
Proof. We only prove (a), (b) is by dual. We have the following commutative diagram
It induces an exact sequence ΩX
Moreover, we have the following commutative diagram
It is not hard to check that −a = Ωx, then −a = Ωx. If −a = Ωx = 0, X admits a short exact sequence 0 → ΩC 1 → ΩC 2 → X → 0 in B, hence pd B (X) ≤ 1. Now we prove the "only if" part, The proof is divided into two steps.
(1) We show that in ( ), b is right minimal.
We claim that d is right minimal, otherwise d can be written as C − −−− → C 2 , this implies that C 1 2 is a direct summand of X. But X ∈ H K , a contradiction. We claim that d is also right minimal. Since if we have a morphism 
Since bb 1 = b, bb 1 − b factors through p 1 , this implies dc 1 − d factors though q 2 . Hence dc 1 = d, which means c 1 is an isomorphism. Let c 2 be the inverse of c 1 , we have the following commutative diagram:
Since 1 C 1 − c 2 c 1 factors through P, then it factors through q 1 . Thus 1 ΩC 1 − b 2 b 1 factors through p 1 , we have b 2 b 1 = 1 ΩC 1 . By the similar argument we can find another morphism b 
where ΩC − → R 1 → 0 which implies R 2 ∈ ΩC. Thus R 2 is a direct summand of ΩX. Then short
where a 22 is an isomorphism. Note that ( t r ) = b is right minimal. We have an isomorphism
1T a12 0 a22 = ( t 0 ) . But b is right minimal, this implies R 2 ∈ P, then a = 0, a contradiction. Hence a = 0 = Ωx.
We get the following corollary immediately.
Corollary 3.4. B is 1-Gorenstein if and only if
• for any object X ∈ (ΣD) ΩC ∩H K and short exact sequence
• for any object Y ∈ (ΩC) ΣD ∩H K and short exact sequence
Remark 3.5. The following statement is also useful:
The condition "Ω(ΣD) ⊆ K and Σ(ΩC) ⊆ K" is very closed to what happens on triangulated category. It is automatically satisfied if B is Frobenius, since Ω(ΣD) = D ⊆ K and Σ(ΩC) = C ⊆ K. In fact, it is a sufficient condition for B being 1-Gorenstein (a special case of Theorem 3.3), but not a necessary condition. Let's see an example.
Example 3.6. Let Λ be the k-algebra given by the quiver
with relations x 4 = 0, x 3 y = 0, yx 3 = 0, xyx = 0, the AR-quiver of B := mod Λ is given by:
where 4 is projective in B/M,
is a non-injective projective object, 2 3 ∈ M,
is an injective object in B and
fully rigid d-cluster tilting subcategories
Cluster tiling subcategories are fully rigid, but this is not always true for d-cluster tilting subcategories when d ≥ 3.
Example 4.1. This example is from [V] . Let Λ be the algebra given by the following quiver with relations:
There is a 3-cluster tilting subcategory C in B = mod Λ:
C is not fully rigid since we have
We can find that B is not abelian.
An natural question is when d-cluster tilting subcategories become fully rigid. In this section, we show the following theorem: We will also figure out gl. dim B when C is a d-cluster tilting subcategory and C is fully rigid. We prove the following proposition, which is a general case of the "only if" part of Theorem 4.2. Proof. Let X ∈ H K be an indecomposable object, it admits a short exact sequence
where P X ∈ P and p is right minimal. If Ext 1 B (X, P X ) = 0, we have a non-split short exact sequence
2 ∈ ΩC and 0 = r is an epimorphism in B. Since C is 2-rigid, we have Ext 1 B (ΩC, C) = 0, hence we have the following commutative diagram
We get y is both epic and monic in B, hence y is an isomorphism. Since X is indecomposable, y is a retraction, a contradiction. Hence Ext 1 B (X, P X ) = 0, by Lemma 2.1, ΩX is indecomposable. Since C is fully rigid, ΩX either belongs to K or belongs to H. If ΩX ∈ H K , it admits a short exact sequence
Then we have the following commutative diagram
We get the following corollary immediately. Proof. According to Proposition 4.3, Ω(H K ) ⊆ K. Then every object X ∈ H K admits a short exact sequence 0 → R 2 → R 1 → X → 0 where R 2 , R 1 ∈ ΩC in B. Hence gl. dim B ≤ 1.
, the following lemma is useful in the prove of Theorem 4.2.
Lemma 4.5. Let C be fully rigid, K ∈ K C ∩ ⊥1 C be an indecomposable object, then K satisfies one of the following conditions:
we have the following commutative diagram:
where P ∈ P and p is right minimal, hence p 2 p 1 is an isomorphism and then x 2 x 1 is also an isomorphism. Since X is indecomposable, we get X ≃ ΩX 1 . But ΩX 1 ∈ K, a contradiction. Hence X 1 ∈ C and X ∈ H K . Assume we have shown that the statement holds for all objects in (
1 where c is a left minimal C-approximation and X 1 ∈ C l . If X 1 has an indecomposable direct summand X 1 / ∈ K, then by the hypothesis, X 1 ∈ H K . Since Ω(H K ) ⊆ K, we have the following commutative digram
where P 1 ∈ P, p 1 is minimal and βα = 1 X1 . We get X ≃ ΩX 1 ∈ K, a contradiction. Hence X 1 ∈ K. Since X 1 ∈ ⊥1 C, if X 1 has an indecomposable direct summand X 2 satisfying condition (a) in Lemma 4.5, we have the following commutative diagram
According to [B, Theorem 5.2] , the global dimension of the abelian quotient category induced by a fully rigid subcategory is either 1 or infinity. This result is not always true on exact category (Example 3.2). In this section we investigate the global dimension of B.
Lemma 5.1. Let (C, K) be fully rigid, for an object X ∈ H K , if pd B X = 1, then pd B X ≤ 1.
Proof. Since pd B X = 1, it admits the following commutative diagram.
where C 1 , C 2 , ∈ C, P, P 0 , P 1 ∈ P. Hence X admits a short exact sequence 0 → ΩC 1 → ΩC 2 → X → 0 in B, which means pd B X ≤ 1.
Proof. We have n > 1, since if n = 1, we get ΩC = P, then by Proposition 2.8, B = 0. Hence K = B and C = P, a contradiction to the definition of fully rigid subcategory. Let X ∈ H, X admits the following commutative diagram.
where C 1 , C 2 ∈ C, P X , P ∈ P. (a) If Ω 2 C ⊆ K, for any object Ω n−2 X ∈ H K , we have the following long exact sequence in B 0 → Ω n−1 X → ΩC ′ → ΩC → Ω n−2 X → 0 where C ′ , C ∈ C. This implies pd B (Ω n−2 X) ≤ 3. In general, we have the following long exact sequence
where C ′ l , C l ∈ C and pd B (Ω l X) ≤ 2(n − l) − 1, we get pd B (Ω l−1 X) ≤ 2(n − l) + 1. At last we get pd B X ≤ 2n − 1. Hence gl. dim B ≤ 2n − 1. (b) If Ω 3 C ⊆ K, for any object C 0 ∈ C, we have the following long exact sequence in B 0 → ΩC ′ → ΩC → Ω 2 C 0 → 0 where C ′ , C ∈ C, hence pd B (Ω 2 C 0 ) ≤ 1. Now for any object Ω n−2 X ∈ H K , we have the following long exact sequence in B 0 → Ω 2 C ′ n−2 → Ω 2 C n−2 → Ω n−1 X → ΩC ′ n−2 → ΩC n−2 → Ω n−2 X → 0 where C ′ n−2 , C n−2 ∈ C. Hence pd B (Ω n−2 X) ≤ 5. In general, we have the following long exact sequence
where C ′ l−1 , C l−1 ∈ C and pd B (Ω l X) ≤ 3(n − l) − 1, then pd B (Ω l−1 X) ≤ 3(n − l) + 2. At last we can get pd B X ≤ 3n − 1.
We have the following corollary immediately.
Corollary 5.3. Let (C, K) be fully rigid.
( Moreover, if we know that sup{pd B (Ω i C) | 2 ≤ i ≤ n − 2, ∀C ∈ C} = m, then gl. dim B ≤ m + 3n − 2.
Proof. The "only if" part is trivial. We check the "if" part. X admits the following long exact sequence in B:
where C 1 , C 2 ∈ C. Ω n−2 X admits the following long exact sequence in B:
where C ′ , C ∈ C. Let sup{pd B (Ω i C) | 2 ≤ i ≤ n − 2, ∀C ∈ C} = m, the case m = 0 has been discussed in Proposition 5.2, we assume m > 0. Then pd B (Ω 2 C ′ ), pd B (Ω 2 C) ≤ m and pd B (Ω n−1 X) ≤ 1, we get pd B (Ω n−2 X) ≤ m+4. In general, Ω n−l X (2 ≤ l ≤ n − 1) admits the following long exact sequence in B:
where C ′′ , C ′′′ ∈ C. Then pd B (Ω n−l X) ≤ m + 3l − 2. At last we can get pd B X ≤ m + 3n − 2.
